We study strong deflection gravitational lensing by a Lee-Wick black hole, which is a non-singular black hole generated by a high derivative modification of Einstein-Hilbert action. The strong deflection lensing is expected to produce a set of relativistic images very closed to the event horizon of the black hole. We estimate its observables for the supermassive black hole in our Galactic center. It is found that the Lee-Wick black hole can be distinguished from the Schwarzschild black hole via such lensing effects when the UV scale is not very large, but the requiring resolution is much higher than current capability.
Introduction
A singularity is the point where Einstein's general relativity breaks down. It exists at the center of a black hole and appears at the beginning of the Big Bang. A quantum theory of gravity is believed to be able to remove these singularities. A non-singular black hole, also called a regular black hole, which was firstly discussed by Bardeen [1] , refers to a sort of black holes without the singularities in their center.
In 1977, Stelle originally proposed a renormalizable and asymptotically free theory of higher-derivative quantum gravity [2] , but it also suffers from existence of a massive ghost state. Weakly and non-locally modified theories of gravity [3] [4] [5] [6] [7] [8] [9] [10] are self-consistent but likely have infinite complex conjugate poles [11] . A new local higher derivative theory without real poles was recently proposed [12] [13] [14] [15] [16] , which is in agreement with the prescription of Lee-Wick model [17] [18] [19] . The Lee-Wick black hole is currently found out and it is proved to be non-singular [20] .
While thermodynamics of the Lee-Wick black hole was discussed [20] , investigations on its astrophysical properties and its resulting observability are still absent, especially for effects of its strong gravitational field. In this work, we will study strong deflection gravitational lensing by such a Lee-Wick black hole. Gravitational lensing in the strong gravitational field can produce an unique feature called relativistic images [21] . Relativistic images are a class of infinite discrete images existing on the two sides of the lens, due to photons winds several loops before escaping from the lens. If the source have timing signals, the time delay between * Corresponding author.
E-mail address: yixie@nju.edu.cn (Y. Xie). different relativistic images can also be detected. These lensing effects belong to the strong deflection gravitational lensing (see [22] for a review).
Since the relativistic images are very close to the lens, direct observation of such lensing effects needs a very high angular resolution. The supermassive black hole in the center of the Milky Way, Sagittarius A* (Sgr A*), has the largest apparent angular diameter (i.e., shadow) ∼ 50 microarcsecond (μas) among all the black holes known in the universe [23] . A global sub-mm very long baseline interferometry network, called Event Horizon Telescope (EHT), will firstly and soon give a direct image of Sgr A*, which can provide a new fundamental laboratory for testing black hole theories as well as gravity in the strong field regime [24] [25] [26] [27] .
In Sect. 2, the spacetime of a Lee-Wick black hole [20] will be briefly reviewed. We study its strong deflection gravitational lensing by using the method of strong deflection limit (SDL) [28] in Sect. 3. Taking Sgr A* as an example, we estimate numerical values of observables of the lensing in Sect. 4. In Sect. 5, conclusions will be represented.
Lee-Wick black hole
The action of the Lee-Wick theory is [12] [13] [14] [15] [16] 
where G N is the gravitational constant, refers to the UV scale and is expected but not necessary to be in the same order of Planck mass. By solving the approximated exact equations of motion, one can get a static and spherically symmetric black hole solution generated by a point-like mass source M. The spacetime is [20] 
where we use 2M as the unit of the length dimension and
The effective mass function
where χ = κx and κ = / √ 2.
The model parameter κ should be larger than a critical value to ensure the existence of the event horizon(s). The critical point occurs when A(x) = 0 has only one real solution x cr which can be numerically found as κ cr ≈ 2.165 and x cr ≈ 0.953.
When κ > κ cr , a Lee-Wick black hole have two event horizons: an outer one and an inner one. These two horizons merge to one as κ equals κ cr . If κ < κ cr , no horizon can survive. Since the spacetime metric (2) has no central singularity, the nonexistence of the event horizon does not break down the weak cosmic censorship conjecture. However, it was found [29] that destroying the event horizon of a regular black hole can violate the black hole's area theorem [30] , causing the energy released in the collision of two black holes to exceed the Hawking bound; and such a violation is not supported by the current observations of gravitational waves [31, 32] .
Therefore, we only consider cases with κ ≥ κ cr which were called Lee-Wick black hole solutions in [20] . The radius of the (outer) event horizon is plotted in Fig. 1 against different values of κ by the solid line. When κ becomes large enough, the Lee-Wick spacetime is approaching the Schwarzschild one.
Lensing in SDL
The strong deflection gravitational lensing under SDL can be described by two equations: an lens equation and a SDL equation for the deflection angle. The lens equation geometrically determines relationships among the observer, the lens and the light source. Assuming that the source and the observer are far from the lens and they are nearly aligned, we choose the asymptotically flat lens equation as [33] (8) where α n is the extra deflection angle of a photon looping over 2nπ ; β is the angular separation between the source and the lens; θ is the angular separation between the image and the lens; the projected distances of the lens to the source and the observer to the lens are D LS and D OS .
The exact deflection angle for the spacetime (2) is given by [34, 35] α(
where x 0 is the closest approach distance of the winding photon.
A quantity with a subscript 0 means its corresponding value taking x = x 0 . In order to deal with the divergence of Eq. (9) as x 0 approaching the photon sphere, we can expand the integral near the photon sphere by the method of SDL [28] . The photon sphere is the innermost orbit for a winding photon, which is defined by [36, 37] C (x)
The photon sphere of a Lee-Wick black hole with varying κ can be found in Fig. 1 and it is plotted with the dashed line. The deflection angle in the SDL can be written as [28] α (11) where u = √ C 0 /A 0 is the impact parameter and u ≈ θ D OL . The subscript m means evaluating at x = x m . ā and b are the SDL coefficients expressed by [28] 
where We can also detect the time delay between different relativistic images from a time-varying light source. Supposing a photon traveling from the source to the observer, the total time span is [38] T =T (
where D OL is the projected distance between the observer and the source. The second and third terms at the right hand side can be worked out since both of the observer and the source are far from the lens. The first term is given by [35, 38, 39] T
It can be also expanded in the SDL
where ã and b are SDL coefficients and ã =ā u m for the spacetime (2) [38] .
Having the lens equation (8) and the deflection angle (11) as well as the time delay (19) in the SDL, we can calculate the observables of relativistic images including angular separation, brightness difference and time delay.
If the first image can be distinguished from others, three characteristic observables can be detected and related to SDL coefficients as [28] (22) where θ ∞ is the apparent radius of the photon sphere; s and r are the angular separation and brightness difference between the first image and other packed images.
If we can distinguish the time signals of the first image from those of the second image, the delay of the two signals T 2,1 can be also calculated by SDL coefficients as [38] T 2,1 = T As we can see in Fig. 2 , the smaller is κ, the larger is the deviation of the observables from their corresponding values for a Fig. 3 also shows that a larger T 1 2,1 has a higher ratio to the total time delay.
The Lee-Wick black hole we have discussed above is a nonrotating one. The profile of its shadow due to the strong deflection gravitational lensing is a circle with angular radius θ ∞ . However, an astrophysical black hole is very likely spinning. The radius θ ∞ we obtained here might not be able to constrain possible deviations from Einstein's general relativity with the on-going experiments because strong deflection lensing by a highly rotating black hole [41] will be qualitatively different from the one by a nonrotating one [42, 43] . In order to describe the spacetime of a rotating Lee-Wick black hole and its strong deflection lensing in a self-consistent way, its metric is indispensably needed but the solution of such a metric is absent for now. Nevertheless, based on strong deflection lensing by a Kerr black hole [41] , we can intuitively expect that the angular momentum of a rotating Lee-Wick black hole would make the shadow distorted and displaced and the shape of such a shadow would also depend on κ. Furthermore, it would drift the caustics away from the optical axis, make the caustic with a finite extension and cause only one image visible instead of two sets of relativistic images [44] . We will leave the construction of the metric of a rotating Lee-Wick black hole and the detailed investigation on its strong deflection lensing for future works.
On the practical aspect, the determination of the model parameter κ through observation is another complicated work. For the mm-VLBI observation of Sgr A*, κ can be determined via comparing the scale and shape of the shadow between the observed image and the modeled image, which is constructed by general relativity magnetohydrodynamics simulation [45, 46] . In this work, we just give a direct sense of what the relativistic images by a (non-rotating) Lee-Wick black hole will look like in an analytical approach; a fully numerical simulation of the physical process for a rotating Lee-Wick black hole and a sophisticated determination on the model parameter(s) by upcoming direct observation are beyond our scope.
Conclusions
We study the strong deflection gravitational lensing by a LeeWick black hole through the SDL method and estimate the observables of its relativistic images. By calculating the SDL coefficients numerically and making estimations by assuming that the black hole has the same mass and distance as Sgr A*, we show how its observables change with respect to the model parameter κ, which has a critical value κ cr = 2.165 for allowing existence of the event horizon. We find that, when κ = κ cr , the apparent radius of the photon sphere θ ∞ can reach ∼30 μas which is larger than the Schwarzschild one. But, as κ increases, the value of θ ∞ approaches the one of Schwarzschild black hole very fast. If the first relativistic image could be resolved from the others, their angular separation, brightness differences and possible time delay signals will be helpful for determining κ, although it demands technology far beyond current stage. In light of current projects such as EHT, these results might provide useful clues for detecting the Lee-Wick black hole.
